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Abstract 
For a cracked plane specimen submitted to mixed load, experimental studies have shown that a transition from Tensile type
fracture to Shear type fracture exists. This transition is controlled by the critical value of the mixity parameter, which can be 
expressed in term of a ratio of the stress intensity factors. The crack will propagate by Tensile type fracture following the 
direction of the maximum circumferential stresses, and by Shear type fracture along slip bands. 
Discrete element simulation has been employed within a simulation box in order to investigate the local aspect of the crack 
initiation. The boundary conditions of the simulation box containing the crack tip were chosen as the displacement field close to 
the crack tip in a Brazilian crack test. Referring to this approach, a local fracture criterion is carried out. It supposes that cracks 
begin along the slip bands of grains depending on slip band length, and shear stress range on the slip band.  
The competition between the tensile and the shear crack propagation modes will be studied in this work. The interaction between 
the local and global fracture criteria will be analysed as function of the applied mixed mode.  
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1. Introduction 
A discrete element approach is used to investigate the earliest stage of crack initiation in mixed tensile and shear 
fracture modes. A “U” notched sample was built using a hexagonal tessellation of discrete elements. The boundary 
conditions were chosen to reproduce the displacement fields at the notch tip of a crack Brazilian disc test. Boundary 
driven strain was applied on the specimen. The resulting mechanical response was compared to the change of the 
local element configuration in the specimen. Two subsequent events occur: shear slip followed by crack bifurcation. 
The stress map of the specimen was analysed, each event seems to be driven by the local stress state around the 
notch tip. 
The numerical results are then compared to those using a classical crack extension criterion “the maximum hoop 
stress criterion” and to experimental tests issues from the bibliography. 
 
2. Model and methods 
2.1. Discrete Element (DE) approach 
The DE model was built from the tessellation of hexagonal lattice in two dimensions (Taken X and Y in this 
work) as shown in the inset of figure 1.c. At each lattice vertex and lattice center there is an element of mass M=1m 
(the discrete element) that interacts with its nearest neighbours via a pair interaction potential. In this work we use 
the Lennard-Jones potential )(rULJ  interaction with attractive and repulsive parts, as in references [1, 2, 3]. 
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The cut-off distance rc =2.5s, s= 1and the energy minima e=1.In the next, all quantities will be expressed in terms 
of length s, energy e, mass m, pressure e/s3 and the time. e/ms=t 2  
Each element i is submitted to a force vector )(iF  :   
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Where )(iF is the force vector acting on element i. ),( jif is the force vector between the element i and an element j 
chosen form the surrounding neighbours. N is the total number of the neighbour elements j, which are surrounding 
the element i and located within the cut-off radius rc. 
The displacement, velocity and acceleration vectors of all elements are evaluated by numerical solving of 
Newton’s equation of motion at each time step δt. The solution leads to new element positions and then a new force 
vector on each element. Newton’s equation of motion is integrated using velocity-Verlet method. The time step 
δt=0.006t. 
The simulation box was chosen to sample the notch tips of a cracked Brazilian disc (see figure 1). The box size 
is 150s×150s containing 25000 elements. The box is periodic in Z direction. 
Even if the present model is inspired from Molecular Dynamics (MD) simulation of lattice crystal, there are 
major differences in between. These differences can be summarized as follows:  
1. The length scale of the sample can not be sampled by MD simulation. 
2. The use of centered hexagonal lattice is somewhere motivated by the need of an isotropic repartition of the 
elements.  
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3.  In this framework, the material is considered as homogenous with defects free microstructure. 
4. The equation of motion is integrated in NVE†. The thermal kinetic is not taken into account as in clasical 
MD.  
5. The Lennard-Jones LJ potential is used because of its ability to describe the excluded volume (repulsive 
part),  the elastic response at small deformation, and the de-bonding of elements at high strain (plastic 
response).  
2.2. Local box sampling 
In order to simulate the mixed mode crack initiation, we have first simulated the strain behaviour of the entire 
cracked Brazilian disc by linear finite element. Because of the high stress concentration at the notch tip, the crack is 
expected to take place in this vicinity. Thus, only this part will be sampled by DE simulation. Hereafter, “local box” 
terminology is used to refer to the DE sampled part shown in figures 1.a and 1.b. 
Depending on the notch inclination angle θ, the strain in the local box varies from a simple tensile to a mixed 
tensile-shear or tensile-compression strains. Figure 1 shows the three different cases. Further details are given in 
Figure 5. 
The boundary conditions applied on the DE simulation must lead to a displacement field consistent with that 
estimated by FE simulation for the local box. Therefore to determine such boundary conditions we proceed as 
follows:  
1. The displacement field components U(x,y) and V(x,y) of the local box contour were calculated from the FE 
simulation (Figure 1).  
2. The normal N(x,y)  and the tangential T(x,y) displacements of the local box contour are given by 
tt V)[R].(U,=T)(N,  where [R] is the rotation matrix  
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†
  “NVE” ensemble:  “N” indicates a constant Number of particles; “V” means a constant (or targeted) Volume and 
“E” means a constant Energy (Hamiltonian). 
 
Fig.1: Brazilian disc specimen, (a) the sample geometry. The dimensions are: R=3cm, a=1.5cm, b=0.5cm and e=0.05cm.θ is the notch inclination 
angle. (b) Shows the local box that is sampled by discrete elements. r and β are the polar coordinates of a point M in the notch reference (X, Y) . 
Discrete Element samples with various strain conditions are shown in the frames (c), (d) and (e). Each condition corresponds to a specific θ as 
described in figure 5. The inset in the frame (c) shows the elements tessellation in the DE sample. 
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3. After, we use boundary driven strain method to deform the DE simulation box. The strain is imposed by 
applying  displacement velocities on the DE sample contour.  These velocities are scaled with the  local box 
contour displacement tT)(N,  already evaluated.   
3. Results 
3.1. Mixed mode for θ=127.5° 
3.1.1 Spatial distribution of stress 
Figure 2 shows the stress field in the DE sample with respect to the applied strain .i.e. Von Mises stress (VM) 
σVM and the maximum principal stress (HP) σHP.  
The top row shows the propagation of two slip bands, the first one is due to the stress concentration around the 
notch tip, while the second one is related to the coupling with the deformation grips. Figure 2 shows also a relatively 
high positive principal stress in the crack nucleation vicinity.  
The nucleation of shear slip is correlated with a high σVM as shown in the inset of panel b.1. A relatively high VM 
stress is also observed in the crack nucleation vicinity indicating that local shear takes place prior to the crack 
bifurcation mode. 
 
 
3.1.2 Comparison with FE simulation 
Figure3 compares the spatial distribution of the VM, hydrostatic, and HP stresses calculated from both FE and 
DE simulation of the local box strain. Qualitatively speaking, both simulations lead to a similar stress field in the 
local box.  However, the difference in the quantitative results depends on the DE model parameters such as potential 
parameters, tessellation geometry of the elements… 
 
Figure 3 shows also the relationship between the stress state in the FE sample and the onset of damage in the DE 
sample. (i) The slip band in the DE sample takes place where the VM stress is high in FE local box. (ii) The 
 
Fig.2: (Color online) Spatial distribution of the stress in the DE sample at several strain levels. The corresponding notch inclination θ=127.5°. 
Top panels show the Von Mises stress. the high principal stress is shown in the bottom panels. The slip band begins at the notch tip and 
propagates in the direction of the maximum shear stress (120°). The  bifurcation nucleates where the principal stress is high and positive. 
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propagation direction of the slip band in DE sample q 120)1(measuredD  corresponds well to the direction of the maximum 
shear stress estimated from FE simulation   q   115)/(2tan5.0 1)1( yyxxxypredicted VVVD . (iii) The bifurcation is triggered 
where the principal stress is high. This unique region is the same for both DE and FE as indicated by the stress 
cartographies.  
 
 
4. Comparison with classical crack extension criterion 
The relationship between the crack extension angle and the mode mixity has been studied. First the mode mixity 
must be evaluated with respect to the notch angle. To this end, the ratio KI/KII “mixity ratio” Mr was calculated from 
the FE simulation results as follow:                  
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 KI and KII are respectively the stress intensity factors for the tensile and shear modes of fracture. σββ and σrβ are 
respectively the hoop and the shear stress in polar coordinates (r,β).  Figure 4.a shows the mixity ratio with respect 
to the notch inclination angle θ. Referring to this curve, the stress state at the notch tip can be described as shown in 
figure 5. 
After that, the expected crack extension angle β* was calculated using maximum hoop stress criterion. 
> @¸¹·©¨§   21 8)(41tan2* rI Ir MKsignME                (6) 
The results were compared to the crack extension angle measured from DE simulations. 
Figure 4.b shows that the measured values (filled circle) are consistent with the predicted values (the curve) except 
in two points (for θ=110° and θ=127.5°). 
 
Figure.3: (Colour online) Top panel: FEM 
simulation of the hydrostatic, VM stresses and the 
high principal stress at the notch tip of the cracked 
Brazilian disc. . Bottom panels show the same 
stress distribution but for the DE sample. 
(Snapshots were taken at q 039.0yyH   and
q 0 5 4.0xyH ). The slip begins where the VM 
stress is high and propagates in the direction of 
high shear stress. 
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For θ=127.5° the maximum hoop stress criterion is no longer valid because of the shear-compression stress 
combination. However, for θ=110° the hoop stress criterion supposes to be valid in this case.  Note that, for high 
notch inclination angle (θ >130°) the DE simulation cannot be used. Because of the high compression at the notch 
tip, the two edges of the notch coincide before the onset of bifurcation.  
Comparison with other stress criterion is envisaged.  
 
 
Figure 4: panel (a) shows the ratio KI/KII with respect to the notch inclination θ.  KI/KII is used later to estimate the bifurcation angle β through 
the maximum hoop stress criterion. Panel (b) compares the expected bifurcation angles β with the measured ones at different notch angles.  
 
 
Figure 5: The stress state at the notch tip with respect to the notch angle. (KII is always positive). 
 
5. Conclusion  
 In this work, a discrete element simulation has been employed to investigate the local behaviour of crack 
initiation in the notch vicinity. The boundary conditions of the notch box were chosen to reproduce the displacement 
field at the notch tips of a Brazilian test specimen. These conditions lead ta various mode mixity for crack initiation 
depending on the notch inclination angle. The shear-compression stress combination that corresponds to a notch 
inclination angle θ=127.5° is examined in this work. The various stress fields show that the damage takes place in 
the sample following two ways: shear slip at low strain and crack extension at high strain. Both events start at the 
notch tip of the sample. The stress maps show also that the shear band starts at the notch end where the VM stresses 
is high and propagates preferentially in the direction of the high shear stress.  The mode mixity at the notch tip was 
analysed with respect to the notch angle. In tensile- shear combination the crack extension direction was found 
consistent with the expected direction given by the maximum hoop stress criterion.  
At the end, Figure 6 compares the DE configuration, with the experimental results extracted from reference [6]. 
The DE model predicts successfully the nucleation and the bifurcation direction of the crack. 
This work demonstrates that discrete element simulation provides a local sampling of the material. The “local 
box” mapped by DE can be used as a “crack box” to provide crack extension in FE simulation, as described in 
reference [7]. This idea offers a good perspective to develop a multi-scale simulation technique for crack 
propagation. 
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Figure 6:  Comparison between the observed crack in the crack Brazilian test [6], and the DE simulation results. The notch inclination angle 
θ=127.5° for the panels (a) and θ=90° for the panels (b). The DE model predicts well the nucleation and the propagation direction of the crack.  
